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ABSTRACT
The Lagrangian of self-dual gauge theory in various formulations are reviewed. From
these results we see a simple rule and use it to present some new non-covariant La-
grangian based on the decomposition of spacetime into D = D1 + D2 + D3. Our
prescription could be easily extended to more complex decomposition of spacetime and
some more examples are presented therefore. The self-dual property of the new La-
grangian is proved in detail. We also show that the new non-covariant actions give
field equations with 6d Lorentz invariance.
*E-mail: whhwung@mail.ncku.edu.tw
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1 Introduction
Chiral p-forms, i.e. antisymmetric boson fields with self-dual (p+1)-form field strengths
play a central role in supergravity and in string theory, such as D = 6 and type IIB D =
10 supergravity, heterotic strings [1] and M-theory five-branes [2]. In particular, they
contribute to the “miraculous” cancelation of the gravitational anomaly in type-IIB
supergravity or superstring theory. The first calculation of the gravitational anomaly
for chiral p-forms was performed in [3] without using a Lagrangian but just guessing
suitable Feynman rules that incorporate the chirality condition.
It is well known that there is a problem in Lagrangian description of chiral bosons,
since manifest duality and spacetime covariance do not like to live in harmony with
each other in one action, as first seen by Marcus and Schwarz [4]. Historically, the non-
manifestly spacetime covariant action for self-dual 0-form was proposed by Floreanini
and Jackiw [5], which is then generalized to p-form by Henneaux and Teitelboim [6].
In general the field strength of chiral p-form A1···p is split into electric density E
i1···ip+1
and magnetic density Bi1···ip+1:
Ei1···ip+1 ≡ Fi1···ip+1 ≡ ∂[i1Ai2···ip+1] (1.1)
Bi1···ip+1 ≡
1
(p+ 1)!
ǫi1···i2p+2Fip+2···i2p+2 ≡ F˜
i1···ip+1 (1.2)
in which F˜ is the dual form of F . The Lagrangian is described by
L =
1
p!
~B · (~E − ~B) =
1
p!
F˜i1···ip+1(F
i1···ip+1 − F˜ i1···ip+1) (1.3)
Note that in order for self-dual fields to exist, i.e. F˜ = F , the field strength F and dual
field strength F˜ should have the same number of component. As the double dual on
field strength shall give the original field strength the spacetime dimension have to be
2 modulo 4. Above actions, however, lead to second class constraints and complicates
the quantization procedure.
Siegel in [7] proposed a manifestly spacetime covariant action of chiral p-form mod-
els by squaring the second-class constraints and introducing Lagrange multipliers λab
into the action. The Lagrangian of chiral 2 form is described by
LSiegel = −
1
12
FabcF
abc +
1
4
λabF
acdF bcd (1.4)
in which we define
F ≡ F − F˜ (1.5)
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It is easy to see that the field equation 0 = δS
δλab
implies F = 0 and we get the self-
dual property. Using this property the other field equation 0 = δS
δAab
is automatically
satisfied. Siegel action, however, does not have enough local symmetry to completely
gauge the Lagrange multipliers away and suffers from anomaly of gauge symmetry.
Note that, the self-dual relation F˜ = F is a first-order differential equation which
defines the dynamics of the chiral boson, contrast to other bosonic fields whose equa-
tions of motion are usually second-order differential equations. This lead McClain, Wu
and Yu to construct chiral field action in a first order form [8]. In this case, for the
Lagrange multiplier itself not to carry propagating degrees of freedom one has to intro-
duce an infinite number of auxiliary fields “compensating” the dynamics of each other.
However, this infinite set corresponds to the infinite number of local symmetries which
cause problems in choosing the right regularization procedure during the quantization.
Pasti, Sorokin and Tonin in 1995 constructed a Lorentz covariant formulation of
chiral p-forms in D = 2(p+1) dimensions that contains a finite number of auxiliary
fields in a non-polynomial way [9]. For example, 6D PST Lagrangian is
LPST = −
1
6
FabcF
abc +
1
(∂qa∂qa)
∂ma(x)FmnlF
nlr∂ra(x) (1.6)
in which a(x) is the auxiliary field. In the gauge ∂ra = δ
1
r the PST formulation
reduces to the non-manifestly covariant formulation [5,6]. On the other hand, Perry
and Schwarz [10] had shown that the non-covariant action (1.3) gives field equations
with 6d Lorentz invariance.
Recently, a new non-covariant Lagrangian formulation of a chiral 2-form gauge field
in 6D, called as (3+3) decomposition, was derived in [11] from the Bagger-Lambert-
Gustavsson (BLG) model [12]. The covariant formulation of the associated Lagrangian
is constructed in [13], with the use of a triplet of auxiliary scalar fields. Later, a
general non-covariant Lagrangian formulation of self-dual gauge theories in diverse
dimensions was constructed [14]. In this general formulation the (2+4) decomposition
of Lagrangian was found.
In section 2 we review above formulations of self-dual 2-form in the decomposition
of D = D1 + D2 and find a simple rule. In section 3 we use the rule to construct
new non-covariant actions of self-dual 2-form gauge theory in the decomposition of
D = D1 + D2 + D3. We present a detailed proof about the self-dual property in the
new Lagrangian. We also show in detail that the new non-covariant action gives field
equations with 6d Lorentz invariance. In section 4 we generalize our prescription to
construct a non-covariant action in the decomposition of D = D1+D2+D3+D4. Last
section is devoted to a short conclusion.
3
2 Lagrangian in Decomposition: D = D1 +D2
To begin with, let us first define a useful function Lijk :
Lijk ≡ F˜ijk × (F
ijk − F˜ ijk), without summation over indices i, j, k (2.1)
which is useful in the following formulations.
2.1 D=1+5
In the (1+5) decomposition the spacetime index A = (1, · · ·, 6) is decomposed as
A = (1, a˙), with a˙ = (2, · · ·, 6). Then LABC = (L1a˙b˙, La˙b˙c˙). In terms of LABC , the
Lagrangian is expressed as [14]
L1+5 = −
1
4
∑
L1a˙b˙ = −
1
4
F˜1a˙b˙(F
1a˙b˙ − F˜ 1a˙b˙), has summation over a˙ b˙ (2.2)
In table 1 we show all possible form in LABC and see that L1+5 picks up only L1a˙b˙.
Self-dual property of L1+5 had been proved in [14].
Table 1: Lagrangian in various decompositions: D = D1 +D2.
D=1+5
123 456
124 356
125 346
126 345
134 L
1a˙b˙
256 ✟✟La˙b˙c˙
135 246
136 245
145 236
146 235
156 234
D=3+3
123 Labc 456 ✓La˙b˙b˙
124 356
125 346
126 Laba˙ 345 ✓Laa˙b˙
134 256
135 246
136 245
145 236
146 ✓Laa˙b˙ 235 Laba˙
156 234
D=2+4
123 456
124 Laba˙ 356 ✓La˙b˙c˙
125 346
126 345
134 256
135 246
136 L
aa˙b˙
245 L
aa˙b˙
145 236
146 235
156 234
2.2 D=3+3
In the (3+3) decomposition [14] the spacetime index A is decomposed as A = (a, a˙),
with a = (1, 2, 3) and a˙ = (4, 5, 6). Then LABC = (Labc, Laba˙, Laa˙b˙, La˙b˙c˙). Using table 1
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it is easy to see that in terms of LABC the Lagrangian can be expressed as [14]
L3+3 = −
1
12
(∑
Labc + 3
∑
Laba˙
)
(2.3)
Let us make following interesting comments:
1. Why there is the “3” factor before Laba˙ in above equation ? This is because that
we have to include three kinds of Lijk : Laba˙, Laa˙b and La˙ab.
2. Note that choosing L3+3 ∼
∑
Labc + 3
∑
Laa˙b˙ will spoil the gauge symmetry
δAab = Φab which is crucial in proving the self-dual property of the Lagrangian. A
simple rule to have this symmetry is that the choosing Lagrangian L3+3 shall contain all
possible index “ab” in LABC . More precisely, as LABC = (Labc, Laba˙, Laa˙b˙, La˙b˙c˙) the all
possible term with index “ab” in LABC is Labc, Laba˙. As both terms have been included
in L3+3, the Lagrangian thus has the crucial gauge symmetry. Self-dual property of
L3+3 had been proved in [13,14].
2.3 D=2+4
In the (2+4) decomposition the spacetime index A is decomposed as A = (a, a˙), with
a = (1, 2) and a˙ = (3, · · ·, 6). Then LABC = (Laba˙, Laa˙b˙, La˙b˙c˙). From table 1 it is easy
to see that in terms of LABC the Lagrangian can be expressed as [14]
L2+4 = −
1
4
(∑
Laba˙ +
1
2
∑
Laa˙b˙
)
(2.4)
Self-dual property of L2+4 had been proved in [14]. Let us make following interesting
comments:
1. Why there is the 1
2
factor before Laa˙b˙ in above equation ? This is because that
in table 1 Laa˙b˙ contains both of left-line element and right-line element (for example,
it includes L134 and L256), thus there is double counting.
2. From table 1 we see that the difference between the Lagrangian in decomposition
D = 2+4 and D = 1+5 is that we have chosen left-hand (electric) part and right-hand
(magnetic) part inD = 2+4, while inD = 1+5 we choose only left-hand (electric) part.
In the self-dual theory the electric part is equal to magnetic part. Thus the Lagrangian
choosing electric part is equivalent to that choosing magnetic part. However, in the
decomposition into different direct-product of spacetime one shall choose different part
of Lijk to mixing to each other. This renders the results to be different and we have
many kinds of formulation, as shown in the next section.
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3 Lagrangian in Decomposition: D = D1 +D2 +D3
We now consider another decomposition of Lagrangian by: D = D1 +D2 +D3
3.1 D=1+1+4
In the (1+1+4) decomposition the spacetime index A is decomposed as A = (1, 2, a˙),
with a˙ = (3, 4, 5, 6), and LABC = (L12a˙, La˙b˙c˙, L1a˙b˙, L2a˙b˙).
Table 2: Lagrangian in various decompositions: D = D1 +D2 +D3.
D=1+1+4
123 456
124 L12a˙ 356 ✓La˙b˙c˙
125 346
126 345
134 256
135 246
136 α1L1a˙b˙ 245 α2L2a˙b˙
145 236
146 235
156 234
D=1+2+3
123 ✓L1ab 456 La˙b˙c˙
124 356
125 346
126 L1aa˙ 345 ✓Laa˙b˙
134 256
135 246
136 245
145 236
146 L
1a˙b˙
235 ✓Laba˙
156 234
D=2+2+2
123 Laba˙ 456 ✓La˙a¨b¨
124 356
125 Laba¨ 346 ✓La˙b˙a¨
126 345
134 L
aa˙b˙
256 ✓Laa¨b¨
135 246
136 Laa˙a¨ 245 Laa˙a¨
145 236
146 235
156 ✓Laa¨b¨ 234 Laa˙b˙
From table 2 it is easy to see that, in terms of LABC , the Lagrangian can be
expressed as
L1+1+4 = 6
∑
L12a˙ +
3(1− α)
2
∑
L1a˙b˙ +
3(1 + α)
2
∑
L2a˙b˙ (3.1)
We neglect overall constant in Lagrangian, which is irrelevant to the following proof.
Note that the case of α = 0 is just L2+4, the case of α = −1 is just L1+5, and the case
of α = 1 is just L1+5 while exchanging indices 1 and 2, as can be seen from table 1.
We now follow the method in [14] to prove the self-dual property of L1+1+4 and fol-
low the method in [10] to prove that the new non-covariant action gives field equations
with 6d Lorentz invariance.
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3.1.1 Self-duality in D=1+1+4
First, we rewrite the Lagrangian as
L1+1+4 = 6F˜12a˙(F
12a˙ − F˜ 12a˙) +
3(1− α)
2
F˜1a˙b˙(F
1a˙b˙ − F˜ 1a˙b˙)
+
3(1 + α)
2
F˜2a˙b˙(F
2a˙b˙ − F˜ 2a˙b˙)
= −F˜a˙b˙c˙F
a˙b˙c˙ + Fa˙b˙c˙F
a˙b˙c˙ −
3(1− α)
2
F˜2a˙b˙F
2a˙b˙ +
3(1− α)
2
F2a˙b˙F
2a˙b˙
+
3(1 + α)
2
F˜1a˙b˙F
1a˙b˙ +
3(1 + α)
2
F1a˙b˙F
1a˙b˙ (3.2)
The variation of the action S1+1+4 gives
δS1+1+4
δA12
= −6∂a˙F˜
12a˙ = 0 (3.3)
which is identically zero. This means that terms involved A12 only through total
derivative terms and we have gauge symmetry
δA12 = Φ12 (3.4)
for arbitrary functions Φ12. The Gauge symmetry is crucial to prove the self-duality
in following.
Next, the field equations
0 =
δS1+1+4
δA1a˙
= −6(∂2F˜
21a˙ + ∂b˙F˜
b˙1a)− 6(1 + α)∂b˙F
b˙1a˙ = −6(1 + α)∂b˙F
b˙1a˙ (3.5)
0 =
δS1+1+4
δA2a˙
= −6(∂1F˜
12a˙ + ∂b˙F˜
b˙2a)− 6(1− α)∂b˙F
b˙2a˙ = −6(1− α)∂b˙F
b˙2a˙ (3.6)
has solutions
F1a˙b˙ = ǫ12a˙b˙c˙d˙∂
c˙Φ2d˙ (3.7)
F2a˙b˙ = ǫ12a˙b˙c˙d˙∂
c˙Ψ1d˙ (3.8)
for arbitrary functions Φ2d˙ and Ψ1d˙.
We can now follow [14] to find a self-dual relation. First, taking the Hodge-dual of
F1a˙b˙ in above solution and identifying it to the solution F2a˙b˙ in above equation we find
that
∂a˙Φ2b˙ = ǫ12a˙b˙c˙d˙∂
c˙Ψ1d˙ (3.9)
Acting ∂a˙ on both sides gives
∂a˙∂a˙Φ
2b˙ = 0 (3.10)
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Following [14], imposing the boundary condition that the regular field Φ2b˙ be vanished
at infinities will lead to the unique solution Φ2b˙ = 0 and we arrive at the self-duality
conditions
F1a˙b˙ = 0 (3.11)
Taking the Hodge-dual of F1a˙b˙ we also obtain
F2a˙b˙ = 0 (3.12)
Using above result the another field equation becomes
0 =
δS1+1+4
δAa˙b˙
= −3(∂2F˜
2a˙b˙ + ∂c˙F˜
c˙a˙b˙ + ∂1F˜
1a˙b˙)
−6∂c˙F
c˙a˙b˙ − 3(1 + α)∂1F
1a˙b˙ − 3(1− α)∂2F
2a˙b˙
= −6∂c˙F
c˙a˙b˙ (3.13)
which has solution
Fa˙b˙c˙ = ǫ12a˙b˙c˙d˙∂
d˙Φ12 (3.14)
We can now use the gauge symmetry of δA12 = Φ12 to totally remove Φ
12 in Fa˙b˙c˙ and
we find a self-dual relation
Fa˙b˙c˙ = 0 (3.15)
These complete the proof.
3.1.2 Lorentz Invariance in D=1+1+4
As covariant symmetry on 4D coordinates xa˙ is manifest we only need to examine
transformations (I) mixing x1 with xa˙, (II) mixing x2 with xa˙ and (II) mixing x1 with
x2.
(I) For the mixing x1 with xa˙ we shall consider the transformation
δxa˙ = ωa˙1 x1 ≡ Λ
a˙ x1, (3.16)
δx1 = ω1a˙xa˙ = −Λ
a˙ xa˙ = −Λ · x (3.17)
Define
Λ · L ≡ (Λ · x)∂1 − x1(Λ · ∂) (3.18)
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then (detailed in Appendix A)
δF12a˙ = (Λ · L)F12a˙ + Λ
b˙Fb˙2a˙ (3.19)
δFa˙b˙c˙ = (Λ · L)Fa˙b˙c˙ − Λa˙F1b˙c˙ − Λb˙Fa˙1c˙ − Λc˙Fa˙b˙1 (3.20)
δF1a˙b˙ = (Λ · L)F1a˙b˙ + Λ
c˙Fc˙a˙b˙ (3.21)
δF2a˙b˙ = (Λ · L)F2a˙b˙ − Λa˙F21b˙ − Λb˙F2a˙1 (3.22)
Use above transformation we can find
δF˜12a˙ = (Λ · L)F˜12a˙ +
1
6
ǫ12a˙b˙c˙d˙(δspinF
b˙c˙d˙)
= (Λ · L)F˜12a˙ +
1
6
ǫ12a˙b˙c˙d˙[−Λ
b˙F 1c˙d˙ − Λc˙F b˙1d˙ − Λd˙F b˙c˙1]
= (Λ · L)F˜12a˙ + Λ
b˙F˜a˙b˙2 (3.23)
δF˜1a˙b˙ = (Λ · L)F˜1a˙b˙ +
1
6
ǫ1a˙b˙2c˙d˙(δspinF
2c˙d˙ · 3)
= (Λ · L)F˜1a˙b˙ +
1
2
ǫ1a˙b˙2c˙d˙[−Λ
c˙F 21d˙ − Λd˙F 2˙c1]
= (Λ · L)F˜1a˙b˙ + Λ
c˙F˜c˙a˙b˙ (3.24)
in which δspinF is defined in Appendix A. Therefore
δ(F12a˙ − F˜12a˙) = (Λ · L)(F12a˙ − F˜12a˙) + Λ
b˙(Fa˙b˙2 − F˜a˙b˙2) (3.25)
δ(F1a˙b˙ − F˜1a˙b˙) = (Λ · L)(F1a˙b˙ − F˜1a˙b˙) + Λ
c˙(Fc˙a˙b˙ − F˜c˙a˙b˙) (3.26)
which are zero for self-dual theory and the non-covariant action gives field equations
with 6d Lorentz transformation mixing x1 with xa˙.
(II) With exchange the index 1↔ 2 above result also shows that the non-covariant
action gives field equations with 6d Lorentz transformation mixing x2 with xa˙.
(III) Finally, we consider the mixing x1 with x2. The transformation is
δx1 = ω12 x2 ≡ Λ x2, (3.27)
δx2 = ω21 x1 = −Λ x1 (3.28)
Define
Λ · L ≡ (Λx2)∂1 − x1(Λ∂2) (3.29)
then
δF12a˙ = (Λ · L)F12a˙ (3.30)
δFa˙b˙c˙ = (Λ · L)Fa˙b˙c˙ (3.31)
δF1a˙b˙ = (Λ · L)F1a˙b˙ − ΛFa˙b˙2 (3.32)
δF2a˙b˙ = (Λ · L)F2a˙b˙ + ΛFa˙b˙1 (3.33)
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Use above transformation we can calculate the transformations of F˜12a˜ and F˜1a˙b˙. Then
we see that
δ(F12a˙ − F˜12a˙) = (Λ · L)(F12a˙ − F˜12a˙) (3.34)
δ(F1a˙b˙ − F˜1a˙b˙) = (Λ · L)(F1a˙b˙ − F˜1a˙b˙)− Λ(Fa˙b˙2 − F˜a˙b˙2) (3.35)
which are zero for self-dual theory and the non-covariant action gives field equations
with 6d Lorentz transformation mixing x1 with x2.
In summary, we have found the non-covariant action of self-dual 2-form in decom-
position D = 1 + 1 + 4 and have checked that the non-covariant action gives field
equations with 6d Lorentz transformation.
3.2 D=1+2+3
In the (1+2+3) decomposition the spacetime index A is decomposed as A = (1, a, a˙),
with a = (2, 3), a˙ = (4, 5, 6), and LABC = (L1ab, L1aa˙, L1a˙b˙, La˙b˙c˙, Laa˙b˙, Laba˙). From
table 2 it is easy to see that, in terms of LABC , the Lagrangian can be expressed as
L1+2+3 =
∑
La˙b˙c˙ + 6
∑
L1aa˙ + 3
∑
L1a˙b˙ (3.36)
Choosing L1ab + L1aa˙ + L1a˙b˙ is just L1+5, and choosing L1ab + L1aa˙ + Laba˙ is just L3+3,
as can be seen from table 1.
We now follow the method in [14] to prove the self-dual property of L1+2+3 and fol-
low the method in [10] to prove that the new non-covariant action gives field equations
with 6d Lorentz invariance.
3.2.1 Self-duality in D=1+2+3
First, we rewrite the Lagrangian as
L1+2+3 = F˜a˙b˙c˙(F
a˙b˙c˙ − F˜ a˙b˙c˙) + 6F˜1aa˙(F
1aa˙ − F˜ 1aa˙) + 3F˜1a˙b˙(F
1a˙b˙ − F˜ 1a˙b˙)
= −3F˜1abF
1ab + 3F1abF
1ab − 3F˜aa˙b˙F
aa˙b˙ + 3Faa˙b˙F
aa˙b˙ − 3F˜aba˙F
aba˙ + 3Faba˙F
aba˙
(3.37)
The variation of the action S1+2+3 gives
δS1+2+3
δA1a˙
= −6(∂aF˜
a1a˙ + ∂b˙F˜
b˙1a˙) = 0 (3.38)
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which is identically zero. This means that terms involved A1a˙ only through total
derivative terms and we have a gauge symmetry
δA1a˙ = Φ1a˙ (3.39)
for arbitrary functions Φ1a˙.
Next, the field equation
0 =
δS1+2+3
δAa˙b˙
= −3(∂c˙F˜
c˙a˙b˙ + ∂1F˜
1a˙b˙ + ∂aF˜
aa˙b˙)− 6∂aF
aa˙b˙ = −6∂aF
aa˙b˙ (3.40)
has solution
Faa˙b˙ = ǫ1aba˙b˙c˙∂bΦ1c˙ (3.41)
for arbitrary functions Φ1c˙. Using the above gauge symmetry to completely remove
Φ1c˙ in Faa˙b˙ we obtain a self-dual relation
Faa˙b˙ = 0 (3.42)
To proceed we need to find more gauge symmetry. First, as term Φ1c˙ is shown as
∂bΦ1c˙ ≡
∂Φ1c˙
∂xb
in Faa˙b˙ we have a furthermore symmetry
δA1a˙ = W1a˙(x1, xa˙) (3.43)
in which W1a˙(x1, xa˙) is an arbitrary function independing on the coordinate xa. In
short, after using the gauge symmetry to find a self-dual relation we still have above
“residual gauge symmetries”. Next, as field Aa˙b˙ only appears as ∂aAa˙b˙ in F
aa˙b˙, therefore
the previous results does not be modified under the variation
δAa˙b˙ = Wa˙b˙(x1, xa˙) (3.44)
in whichWa˙b˙(x1, xa˙) is an arbitrary function independing on the coordinate xa. We will
use the two residual gauge symmetries to find other self-duality relations. Note
that these residual gauge symmetries do not spoil any of the self-duality conditions
already satisfied.
Now, the field equation
0 =
δS1+2+3
δAaa˙
= −6(∂1F˜
1aa˙ + ∂b˙F˜
b˙aa˙ + ∂bF˜
baa˙) + 12(∂b˙F
b˙aa˙ + ∂bF
baa˙)
= 12(∂b˙F
b˙aa˙ + ∂bF
baa˙) = ∂bF
baa˙ (3.45)
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tells us that F baa˙ is independent of the coordinate“xa” .
In the same way, the field equation
0 =
δS1+2+3
δA1a
= −6(∂a˙F˜
a˙1a + ∂bF˜
b1a)− 12∂bF
b1a = −12∂bF
b1a (3.46)
tells us that F1ab is independent of the coordinate “xa” .
Finally, using above properties the field equation
0 =
δS1+2+3
δAab
= −3(∂1F˜
1ab + ∂a˙F˜
a˙ab) + 6(∂1F
1ab + ∂a˙F
a˙ab)
= 6(∂1F
1ab + ∂a˙F
a˙ab) (3.47)
has solution
F1ab = ǫa˙b˙c˙∂a˙Wb˙c˙(x1, xa˙) (3.48)
Faba˙ = ǫa˙b˙c˙
[
− ∂1Wb˙c˙(x1, xa˙) + ∂b˙W1c˙(x1, xa˙)
]
(3.49)
As Wb˙c˙ and W1c˙ are arbitrary functions independing on the coordinates “xa” we can
use the residual gauge symmetries to completely remove Wb˙c˙ and W1c˙. Thus we obtain
the self-dual relations
F1ab = 0 (3.50)
Faba˙ = 0 (3.51)
These complete the proof.
3.2.2 Lorentz Invariance in D=1+2+3
As covariant symmetry on 2D coordinates xa and 3D coordinates xa˙ are manifest we
only need to examine transformations (I) mixing x1 with xa, (II) mixing x1 with xa˙
and (III) mixing xa with xa˙.
(I) For the mixing x1 with xa˙ we shall consider the transformation
δxa˙ = ωa˙1 x1 ≡ Λ
a˙ x1, (3.52)
δx1 = ω1a˙ xa˙ = −Λ
a˙ xa˙ = −Λ · x (3.53)
Define
Λ · L ≡ (Λ · x)∂1 − x1(Λ · ∂) (3.54)
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then we see that
δ(F1ab − F˜1ab) = (Λ · L)(F1ab − F˜1ab)− Λ
a˙(Faba˙ − F˜aba˙) (3.55)
δ(F1ab˙ − F˜1ab˙) = (Λ · L)(F1ab˙ − F˜1ab˙) + Λ
c˙(Fc˙ab˙ − F˜c˙ab˙) (3.56)
δ(F1a˙b˙ − F˜1a˙b˙) = (Λ · L)(F1a˙b˙ − F˜1a˙b˙) + Λ
c˙(Fc˙a˙b˙ − F˜c˙a˙b˙) (3.57)
which are zero for self-dual theory and the non-covariant action gives field equation
with 6d Lorentz transformation mixing x1 with xa˙.
(II) For the mixing x1 with xa we shall consider the transformation
δxa = ωa1 x1 ≡ Λ
a x1, (3.58)
δx1 = ω1a xa = −Λ
a xa = −Λ · x (3.59)
Define
Λ · L ≡ (Λ · x)∂1 − x1(Λ · ∂) (3.60)
then we see that
δ(F1ab − F˜1ab) = (Λ · L)(F1ab − F˜1ab) (3.61)
δ(F1aa˙ − F˜1aa˙) = (Λ · L)(F1aa˙ − F˜1aa˙) + Λ
c(Fcab˙ − F˜cab˙) (3.62)
δ(F1a˙b˙ − F˜1a˙b˙) = (Λ · L)(F1a˙b˙ − F˜1a˙b˙) + Λ
c(Fca˙b˙ − F˜ca˙b˙) (3.63)
which are zero for self-dual theory and the non-covariant action gives field equation
with 6d Lorentz transformation mixing x1 with xa.
(III) Finally, we consider the mixing xa with xa˙. In this case the transformation is
δxa = Λ
a˙
a xa˙ (3.64)
δxa˙ = Λ
a
a˙ xa (3.65)
Define
Λ · L ≡ Λaa˙(xa∂a˙ − xa˙∂a) (3.66)
then we see that
δ(F1ab − F˜1ab) = (Λ · L)(F1ab − F˜1ab)− Λ
a˙
a (F1a˙b − F1a˙b)− Λ
b˙
b (F1ab˙ − F1ab˙) (3.67)
δ(F1ab˙ − F1ab˙) = (Λ · L)(F1ab˙ − F1ab˙)− Λ
a˙
a (F1a˙b˙ − F1a˙b˙)− Λ
b
b˙
(F1ab − F1ab) (3.68)
δ(F1a˙b˙ − F1a˙b˙) = (Λ · L)(F1a˙b˙ − F1a˙b˙) + Λ
a
a˙(F1ab˙ − F1ab˙) + Λ
b
b˙
(F1a˙b − F1a˙b) (3.69)
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which are zero for self-dual theory and the non-covariant action gives field equation
with 6d Lorentz transformation mixing xa with xa˙.
In summary, we have found the non-covariant action of self-dual 2-form in decom-
position D = 1 + 2 + 3 and have checked that the non-covariant action gives field
equation with 6d Lorentz transformation.
3.3 D=2+2+2
In the (2+2+2) decomposition the spacetime index A is decomposed as A = (a, a˙, a¨),
with a = (1, 2), a˙ = (3, 4) and a¨ = (5, 6). Now, from table 2 we see that LABC = (Laa˙b˙,
La˙a¨b¨, Laba¨, La˙b˙a¨, Laa˙b˙, Laa¨b¨, Laa˙a¨). Then, in terms of LABC the Lagrangian can be
expressed as
L2+2+2 =
∑
Laba˙ +
∑
Laba¨ +
∑
Laa˙b˙ +
∑
Laa˙a¨ (3.70)
We now follow the method in [14] to prove the self-dual property of L2+2+2 and follow
the method in [10] to prove that the new non-covariant action gives field equations
with 6d Lorentz invariance.
3.3.1 Self-duality in D=2+2+2
First, we rewrite the Lagrangian as
L2+2+2 = F˜aba˙(F
aba˙ − F˜ aba˙) + F˜aba¨(F
aba¨ − F˜ aba¨) + F˜aa˙b˙(F
aa˙b˙ − F˜ aa˙b˙)
+F˜aa˙a¨(F
aa˙a¨ − F˜ aa˙a¨)
= −F˜a˙a¨b¨F
a˙a¨b¨ + Fa˙a¨b¨F
a˙a¨b¨ − F˜a˙b˙a¨F
a˙b˙a¨ + Fa˙b˙a¨F
a˙b˙a¨ − F˜aa¨b¨F
aa¨b¨ + Faa¨b¨F
aa¨b¨
−F˜aa˙b¨F
aa˙b¨ + Faa˙b¨F
aa˙b¨ (3.71)
The variation of the action S2+2+3 gives
δS2+2+2
δAab
= −(∂a˙F˜
a˙ab + ∂a¨F˜
a¨ab) = 0 (3.72)
which is identically zero and terms involved Aab only through total derivative terms.
Thus, as before, we have a gauge symmetry
δAab = Φab (3.73)
for arbitrary functions Φab.
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Next, the field equation
0 =
δS2+2+2
δAa˙b˙
= −(∂aF˜
aa˙b˙ + ∂a¨F˜
a¨a˙b˙)− 2∂a¨F
a¨a˙b˙ = −2∂a¨F
a¨a˙b˙ (3.74)
has solution
F a˙b˙a¨ = ǫaba˙b˙a¨b¨∂b¨Φab (3.75)
for arbitrary functions Φab. As before, we can now use the gauge symmetry of Aab to
reduce Fa˙b˙a¨ to be zero
Fa˙b˙a¨ = 0 (3.76)
and find the first self-dual relation.
To proceed we need to find more gauge symmetry. First, as term Φab is shown as
∂b¨Φab in F
a˙b˙a¨ we have a furthermore symmetry
δAab = Wab(xa, xa˙) (3.77)
in which Wab(xa, xa˙) is an arbitrary function independing on the coordinate xa¨. In
short, after using the gauge symmetry to find a self-dual relation we still have above
residual gauge symmetries. Next, as field Aa˙b˙ appears only as ∂a¨Aa˙b˙ in F
a˙b˙a¨ the above
relations do not be modified under the variation
δAa˙b˙ = Wa˙b˙(xa, xa˙) (3.78)
in which Wa˙b˙(xa, xa˙) is an arbitrary function independing on the coordinate xa. We
need the above two residual gauge symmetries to find other self-duality relations in
below. Note that these residual gauge symmetries do not spoil any of the self-duality
conditions already satisfied.
Now, consider the field equation
0 =
δS2+2+2
δAaa˙
= −2(∂bF˜
baa˙ + ∂b˙F˜
b˙aa˙ + ∂a¨F˜
a¨aa˙) + 2∂a¨F
a¨aa˙ = 2∂a¨F
a¨aa˙ (3.79)
which has solution
Faa˙a¨ = ǫaba˙b˙a¨b¨∂
b¨Φbb˙ (3.80)
We can now follow [14] to find another self-dual relation. First, taking the Hodge-dual
of both sides in above equation we find that
Faa˙a¨ = ∂a¨Φaa˙ (3.81)
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Identifying above two solutions leads to
∂a¨Φaa˙ = ǫaba˙b˙a¨b¨∂
b¨Φbb˙ (3.82)
Acting ∂a¨ a on both sides gives
∂a¨∂a¨Φaa˙ = 0 (3.83)
Following [14], imposing the boundary condition that the regular field Φaa˙ be vanished
at infinities will lead to the unique solution Φaa˙ = 0 and we arrive at the self-duality
conditions
Faa˙a¨ = 0 (3.84)
To proceed we need to find one more gauge symmetry. As term Φaa˙ is shown as ∂a¨Φaa˙
in Faa˙a¨ we have a furthermore symmetry
δAaa˙ = Waa˙(xa, xa˙) (3.85)
in which Waa˙(xa, xa˙) is an arbitrary function independing on the coordinate xa¨. In
short, after using the gauge symmetry to find a self-dual relation we still have above
residual gauge symmetries. We need the above residual gauge symmetries to find
other self-duality relations in below. Note that these residual gauge symmetries do not
spoil any of the self-duality conditions already satisfied.
Use the found self-dual relation the field equation becomes
0 =
δS2+2+2
δAa˙a¨
= −2(∂b¨F˜
b¨a˙a¨ + ∂b˙F˜
b˙a˙a¨ + ∂aF˜
aa˙a¨) + 4∂b¨F
b¨b˙a¨ + 4∂b˙F
b˙b˙a¨ + 4∂aF
ab˙a¨
= 4∂b¨F
b¨b˙a¨ (3.86)
Thus F a˙a¨b¨ is independent of coordinate xa¨
In a same way, the field equation becomes
0 =
δS2+2+2
δAaa¨
= −2(∂b¨F˜
b¨aa¨ + ∂b˙F˜
b˙aa¨ + ∂bF˜
baa¨) + 4∂b¨F
b¨aa¨ + 2∂a˙F
a˙aa¨
= 4∂b¨F
b¨aa¨ (3.87)
Thus Faa¨b¨ is independent of coordinate xa¨
Use above property of independent of coordinate xa¨ the final field equation
0 =
δS2+2+2
δAa¨b¨
= −(∂a˙F˜
a˙a¨b¨ + ∂aF˜
aa¨b¨) + 2∂a˙F
a˙a¨b¨ + 2∂aF
aa¨b¨
= 2∂a˙F
a˙a¨b¨ + 2∂aF
aa¨b¨ (3.88)
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gives the solution
Faa¨b¨ = ǫaba˙b˙a¨b¨[∂bWa˙b˙ + ∂a˙Wbb˙] (3.89)
F a˙a¨b¨ = ǫaba˙b˙a¨b¨[∂aWbb˙ + ∂b˙Wab] (3.90)
As Wa˙b˙, Waa˙ and Wab are arbitrary functions independing on the coordinates “xa¨” we
can use the “residual gauge symmetries” to completely remove them. Thus we obtain
the self-dual relations
Faa¨b¨ = 0 (3.91)
F a˙a¨b¨ = 0 (3.92)
These complete the proof.
3.3.2 Lorentz Invariance in D=2+2+2
As covariant symmetry on 2D coordinates xa, 2D coordinates xa˙ and 2D coordinates
xa¨ are manifest we only need to examine transformations (I) mixing xa with xa˙, (II)
mixing xa˙ with xa¨ and (III) mixing xa with xa¨.
We consider the mixing xa with xa˙. In this case the transformation is
δxa = Λ
a˙
a xa˙ (3.93)
δxa˙ = Λ
a
a˙ xa (3.94)
Define
Λ · L ≡ Λaa˙(xa∂a˙ − xa˙∂a) (3.95)
then
δFaba˙ = (Λ · L)Faba˙ − Λ
b˙
a Fb˙ba˙ − Λ
b˙
b Fab˙a˙ (3.96)
δFaba¨ = (Λ · L)Faba¨ − Λ
b˙
a Fb˙ba¨ − Λ
b˙
b Fab˙a¨ (3.97)
δFaa˙b˙ = (Λ · L)Faa˙b˙ + Λ
b
a˙Fabb˙ + Λ
b
b˙
Faa˙b (3.98)
δFaa˙a¨ = (Λ · L)Faa˙a¨ − Λ
b˙
a Fb˙a˙a¨ − Λ
b
a˙Faba¨ (3.99)
δFaa¨b¨ = (Λ · L)Faa¨b¨ − Λ
a˙
a Fa˙a¨b¨ (3.100)
δFa˙a¨b¨ = (Λ · L)Fa˙a¨b¨ + Λ
a
a˙Faa¨b¨ (3.101)
δFa˙b˙a¨ = (Λ · L)Fa˙b˙a¨ + Λ
a
a˙Fab˙a¨ + Λ
b
b˙
Fa˙ba¨ (3.102)
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Use above transformation we can calculate the transformations of F˜aba˙, F˜aba¨, F˜aa˙b˙ and
F˜aa˙a¨. Then we see that
δ(Faba˙ − F˜aba˙) = (Λ · L)(Faba˙ − F˜aba˙)− Λ
b˙
a (Fb˙ba˙ − F˜b˙ba˙)− Λ
b˙
b (Fab˙a˙ − F˜ab˙a˙) (3.103)
δ(Faba¨ − F˜aba¨) = (Λ · L)(Faba¨ − F˜aba¨)− Λ
b˙
a (Fb˙ba¨ − F˜b˙ba¨)− Λ
b˙
b (Fab˙a¨ − F˜ab˙a¨) (3.104)
δ(Faa˙b˙ − F˜aa˙b˙) = (Λ · L)(Faa˙b˙ − F˜aa˙b˙) + Λ
b
a˙(Fabb˙ − F˜abb˙) + Λ
b
b˙
(Faa˙b − F˜aa˙b) (3.105)
δ(Faa˙a¨ − F˜aa˙a¨) = (Λ · L)(Faa˙a¨ − F˜aa˙a¨)− Λ
b˙
a (Fb˙a˙a¨ − F˜b˙a˙a¨)− Λ
b
a˙(Faba¨ − F˜aba¨) (3.106)
which are zero for self-dual theory and the non-covariant action gives field equations
with 6d Lorentz transformation mixing xa with xa˙. The transformation mixing xa with
xa¨ and mixing xa˙ with xa¨ have the similar results.
In summary, we have found the non-covariant action of self-dual 2-form in decom-
position D = 2+ 2+ 2 and checked that the non-covariant action gives field equations
with 6d Lorentz transformation.
4 Other Decomposition and Spacetime
4.1 Other Decomposition : D=1+1+1+3
Besides the decomposition in section 2 and section 3 there are many other possible de-
compositions. We will in this subsection see that it is possible to found the Lagrangian
of self-dual 2 form in decomposition : D = 1 + 1 + 1 + 3.
In the (1+1+1+3) decomposition the spacetime index A is decomposed as A =
(1, 2, 3, a˙), with a˙ = (4, 5, 6),and LABC= (L123, L12a˙, L13a˙, L1a˙b˙, La˙b˙c˙, L2a˙b˙, L3a˙b˙, L23a˙).
From table 3 it is easy to see that, in terms of LABC , the Lagrangian can be expressed
as
L1+1+1+3 = 6L123 + 6
∑
L12a˙ + 6
∑
L13a˙ +
3
2
∑
L1a˙b˙ +
6
2
∑
L23a˙ (4.1)
Other choices will becomes the decompositions in section 2 or section 3, as can be seen
from table 1 and table 2. Note that the factor 6 or 3 in (4.1) is to count the number
of possible permutation and the factor 1
2
in (4.1) revels that fact we have counted both
the left-hand side and right-hand side in table 3.
Table 3: Lagrangian in decompositions: D = 1 + 1 + 1 + 3.
18
D=1+1+1+3
123 L123 456 ✓La˙b˙c˙
124 356
125 L12a˙ 346 ✓L3a˙b˙
126 345
134 256
135 L13a˙ 246 ✓L2a˙b˙
136 245
145 236
146 L
1a˙b˙
235 L23a˙
156 234
We follow the method in [14] to prove the self-dual property of L1+1+1+3 and follow
the method in [10] to prove that the new non-covariant action gives field equations
with 6d Lorentz invariance.
4.1.1 Self-duality in D=1+1+1+3
First, we rewrite the Lagrangian as
L1+1+1+3 = 6F˜123(F
123 − F˜ 123) + 6F˜12a˙(F
12a˙ − F˜ 12a˙) + 6F˜13a˙(F
13a˙ − F˜ 13a˙)
+
3
2
F˜1a˙b˙(F
1a˙b˙ − F˜ 1a˙b˙) +
6
2
F˜23a˙(F
23a˙ − F˜ 23a˙)
= −F˜a˙b˙c˙F
a˙b˙c˙ + Fa˙b˙c˙F
a˙b˙c˙ − 3F˜3a˙b˙F
3a˙b˙ + 3F3a˙b˙F
3a˙b˙ − 3F˜2a˙b˙F
2a˙b˙ + 3F2a˙b˙F
2a˙b˙
−3F˜23a˙F
23a˙ + 3F23a˙F
23a˙ −
3
2
F˜1a˙b˙F
1a˙b˙ +
3
2
F1a˙b˙F
1a˙b˙ (4.2)
The variation of the action S1+1+1+3 gives
δS1+1+1+3
δA12
= −6∂3F˜
312 − 6∂a˙F˜
a˙12 = 0, (4.3)
δS1+1+1+3
δA13
= −6∂2F˜
213 − 6∂a˙F˜
a˙13 = 0 (4.4)
which are identically zero. This means that terms involved A12 and A13 only through
total derivative terms and we have a gauge symmetry
δA12 = Φ12 (4.5)
δA13 = Φ13 (4.6)
for arbitrary functions Φ12 and Φ13.
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We also have following two field equations
0 =
δS1+1+1+3
δA1a˙
= −6(∂2F˜
21a˙ + ∂3F˜
31a˙ + ∂b˙F˜
b˙1a˙) + 6∂b˙F
b˙1a˙ = 6∂b˙F
b˙1a˙ (4.7)
0 =
δS1+1+1+3
δA23
= −6(∂1F˜
123 + ∂a˙F˜
a˙23) + 6∂a˙F
a˙23 = 6∂a˙F
a˙23 (4.8)
which imply the solutions
F1a˙b˙ = ǫ123a˙b˙c˙∂c˙Φ23 (4.9)
F23a˙ = ǫ123a˙b˙c˙∂b˙Φ1c˙ (4.10)
Take the Hodge-dual of the first solution and compare it with the second solution we
find that
∂a˙Φ1b˙ = ǫ123a˙b˙c˙∂
c˙Φ23 (4.11)
After acting ∂a˙ on both sides we find that
∂a˙∂a˙Φ1b˙ = 0 (4.12)
As described in [14], imposing the boundary condition that the regular field Φ1b˙ be
vanished at infinities leads to the unique solution Φ1a˙ = 0. Then we arrive at the
self-duality conditions
F23a˙ = 0 (4.13)
In a similar way we can also find another self-duality conditions
F1a˙b˙ = 0 (4.14)
Using above result the field equation
0 =
δS1+1+1+3
δA2a˙
= −6(∂1F˜
12a˙ + ∂3F˜
32a˙ + ∂b˙F˜
b˙2a˙) + 6∂3F
32a˙ + 12∂b˙F
b˙2a˙
= 6∂3F
32a˙ + 12∂b˙F
b˙2a˙ = 12∂b˙F
b˙2a˙ (4.15)
implies
F2a˙b˙ = ǫ123a˙b˙c˙∂c˙Φ13 (4.16)
Thus, use the gauge symmetry δA13 = Φ13 we can completely remove the function Φ13
and find the self-dual relation.
F2a˙b˙ = 0 (4.17)
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In the same way, the field equation
0 =
δS1+1+1+3
δA3a˙
= −6(∂1F˜
13a˙ + ∂2F˜
23a˙ + ∂2F˜
23a˙) + 6∂2F
23a˙ + 12∂b˙F
b˙3a˙
= 6∂2F
23a˙ + 12∂b˙F
b˙3a˙ = 12∂b˙F
b˙3a˙ (4.18)
implies
F3a˙b˙ = ǫ123a˙b˙c˙∂
c˙Φ12 (4.19)
Thus, use the gauge symmetry δA12 = Φ12 we can completely remove the function Φ12
and find the self-dual relation.
F3a˙b˙ = 0 (4.20)
Finally, through the calculation the field equation becomes
0 =
δS1+1+1+3
δAa˙b˙
= −3(∂c˙F˜
c˙a˙b˙ + ∂3F˜
3a˙b˙ + ∂2F˜
2a˙b˙ + ∂1F˜
1a˙b˙)
+6∂c˙F
c˙a˙b˙ + 6∂3F
3a˙b˙ + 6∂2F
2a˙b˙ + 3∂1F˜
1a˙b˙
= 6∂c˙F
c˙a˙b˙ + 6∂3F
3a˙b˙ + 6∂2F
2a˙b˙ + 3∂1F˜
1a˙b˙ = 6∂c˙F
c˙a˙b˙ (4.21)
in which we have used the found self-duality rlations. Above field equation has solution
Fa˙b˙c˙ = ǫa˙b˙c˙Φ(x
1, x2, x3) (4.22)
where Φ(x1, x2, x3) is independent of the coordinates xa˙. As Φ(x1, x2, x3) can be written
as ∂if
i(x1, x2, x3), with i = 1, 2, 3, the function Φ(x1, x2, x3) can be absorbed by a field
redefinition Aij → Aij+ ǫijkf
k(x1, x2, x3). Thus, we have another self-duality condition
Fa˙b˙c˙ = 0 (4.23)
Together with other self-duality conditions we have found all self-duality conditions
and complete the proof.
4.1.2 Lorentz Invariance in D=1+1+1+3
As covariant symmetry on 2D coordinates xa˙ is manifest we only need to examine trans-
formations (I) mixing x1 with x2 and (II) mixing x1 with xa˙. Other transformations
needed to examine are just the exchange of 1↔ 2, 1↔ 3 or 2↔ 3.
(I) For the mixing x1 with xa˙ we shall consider the transformation
δxa˙ = ωa˙1 x1 ≡ Λ
a˙ x1, (4.24)
δx1 = ω1a˙ xa˙ = −Λ
a˙ xa˙ = −Λ · x (4.25)
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Define
Λ · L ≡ (Λ · x)∂1 − x1(Λ · ∂) (4.26)
then we see that
δ(F123 − F˜123) = (Λ · L)(F123 − F˜123) + Λ
a˙(Fa˙23 − F˜a˙23) (4.27)
δ(F12a˙ − F˜12a˙) = (Λ · L)(F12a˙ − F˜12a˙) + Λ
b˙(Fb˙2a˙ − F˜b˙2a˙) (4.28)
δ(F13a˙ − F˜13a˙) = (Λ · L)(F13a˙ − F˜13a˙) + Λ
b˙(Fb˙3a˙ − F˜b˙3a˙) (4.29)
δ(F1a˙b˙ − F˜1a˙b˙) = (Λ · L)(F1a˙b˙ − F˜1a˙b˙) + Λ
c˙(Fc˙a˙b˙ − F˜c˙a˙b˙) (4.30)
which are zero for self-dual theory and the non-covariant action gives field equations
with 6d Lorentz transformation mixing x1 with xa.
(II) For the mixing x1 with x2 we shall consider the transformation
δx1 = ω12 x2 ≡ Λ x2, (4.31)
δx2 = ω21 x1 = −Λ x1 (4.32)
Define
Λ · L ≡ Λx2∂1 − x2Λ∂1 (4.33)
then we see that
δ(F123 − F˜123) = (Λ · L)(F123 − F˜123) (4.34)
δ(F12a˙ − F˜12a˙) = (Λ · L)(F12a˙ − F˜12a˙) (4.35)
δ(F13a˙ − F˜13a˙) = (Λ · L)(F13a˙ − F˜13a˙)− Λ(F23a˙ − F˜23a˙) (4.36)
δ(F1a˙b˙ − F˜1a˙b˙) = (Λ · L)(F1a˙b˙ − F˜1a˙b˙)− Λ(F2a˙b˙ − F˜2a˙b˙) (4.37)
which are zero for self-dual theory and the non-covariant action gives field equations
with 6d Lorentz transformation mixing x1 with x2.
In summary, we have found the non-covariant action of self-dual 2-form in decompo-
sition D = 1+1+1+3 and checked that the non-covariant action gives field equations
with 6d Lorentz transformation.
4.2 Decomposition in Other Spacetime
We have seen that the Lagrangian of self-dual 2-form gauge field could be expressed as
many different formulations. The extension to other form is straightforward.
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For example, the self-dual 4-form gauge field in 10 D can be decomposed as D =
D1 +D2, which is proved in [14]. For the decompositions D = 1 + 9, see table 4, the
Lagrangian can be expressed as
L1+9 = −
1
4
∑
L1a˙b˙c˙d˙ (4.38)
with a˙ = (2, · · ·, 10).
Table 4: Lagrangian in decompositions: D = 1 + 9 and D = 1 + 1 + 8.
D=1+9
L
1a˙b˙c˙d˙ ✟✟
✟
L
a˙b˙c˙d˙e˙
D=1+1+8
L
12a˙b˙c˙ ✓La˙b˙c˙d˙e˙
✓L1a˙b˙c˙d˙ L2a˙b˙c˙d˙
The decomposition in D = D1 + D2 + D3 can also be performed as before. In the
case of D = 1+1+8 then, as that in section 3.1, the spacetime index A is decomposed
as A = (1, 2, a˙), with a˙ = (3, · · ·, 10), and LABCEF = (L12a˙b˙c˙, La˙b˙c˙d˙e˙, L1a˙b˙c˙d˙, L2a˙b˙c˙d˙). From
table 4 we see that Lagrangian can be expressed as
L1+1+8 = −
1
4
(
6
∑
L12a˙b˙c˙ + 4
∑
L2a˙b˙c˙d˙
)
(4.39)
Choosing L12a˙b˙c˙ + L2a˙b˙c˙d˙ is just the decomposition D = 1 + 9 in [14]. The proof of
self-dual relation is the same as those in section 3.1.
In conclusion, there are many different formulations of the self-dual gauge field. As
the decomposition has many kind it seems not easy to provide a general proof of the
self-dual relation in there and we have used some examples to illuminate the property.
5 Conclusion
In this paper we have first reviewed the Lagrangian of self-dual gauge theory in various
non-covariant formulations. Then, we see a simple rule in there and use it to present
some new Lagrangian of non-covariant forms of self-dual gauge theory. We see that
the existence of gauge symmetry δA = Φ in the Lagrangian play important role of the
self-dual relation. Using this as the guiding principle we have found many different
formulations. It is interesting to see that in some cases it remains only one possible
choice for the specified decomposition. Especially, we have followed the prescription
in [14] to prove the self-dual property in the new Lagrangian in a detailed way. We
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also have followed the method of Perry and Schwarz in to show that these new non-
covariant actions give field equations with 6d Lorentz invariance.
Finally, the covariant form in each decomposition may be found by following the
method in [9,10,13] and we leave the study in future research. It also remains to see
whether the non-abelin self-dual gauge theory in 1+5 dimension [15] could be decom-
posed in other way.
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APPENDIX
A Coordinate Transformation
In this appendix we evaluate in detail the Lorentz transformation of 2-form field
strength.
Under the coordinate transformation : xa → xa + δxa we consider the tensor field
FM¯N¯P¯ (xa) defined by
FMNP (xa) → FM¯N¯P¯ (xa + δxa) ≡
∂xQ
∂x¯M
∂xR
∂x¯N
∂xS
∂x¯P
FQRS(xa + δxa)
≈ FMNP (xa + δxa) +
∂xQ
∂x¯M
∂xR
∂x¯N
∂xS
∂x¯P
FQRS(xa) (A.1)
For the transformation mixing between x1 with xµ (µ 6= 1) the relation δxa = ωabx
b
leads to δx1 = −Λµx
µ and δxµ = Λµx
1 in which we define ωµ1 = −ω1µ ≡ Λµ.
The orbital part of transformation [10] is defined by
δorbFMNP ≡ FMNP (xa + ωabx
b)− FMNP (xa) ≈ [δxa] · ∂
aFMNP
= [ωabx
b · ∂a]FMNP = [ω1µx
µ∂1]FMNP + [ωµ1x1∂
µ]FMNP
= [Λµx
µ∂1]FMNP − x
1[Λµ∂
µ]FMNP
= [(Λ · x)∂1 − x1(Λ · ∂)]FMNP ≡ (Λ · L)FMNP (A.2)
Note that δorb is independent of index MNP and is universal for all type tensor.
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The spin part of transformation [10] becomes
δspinHµνλ ≡
∂xQ
∂xµ
∂xR
∂xν
∂xS
∂xλ
HQRS(x)−Hµνλ
≈
[∂(δx1)
∂xµ
∂xR
∂xν
∂xS
∂xλ
H1RS(x) +
∂(δxσ)
∂xµ
∂xR
∂xν
∂xS
∂xλ
HσRS(x)
]
+
[∂xQ
∂xµ
(δx1)
∂xν
∂xS
∂xλ
HQ1S(x)
+
∂xQ
∂xµ
(δxσ)
∂xν
∂xS
∂xλ
HQσS(x)
]
+
[∂xQ
∂xµ
∂xR
∂xν
∂(δx1)
∂xλ
HQR1(x) +
∂xQ
∂xµ
∂xR
∂xν
∂(δxσ)
∂xλ
HQRσ(x)
]
=
∂(δx1)
∂xµ
∂xR
∂xν
∂xS
∂xλ
H1RS(x) +
∂xQ
∂xµ
(δx1)
∂xν
∂xS
∂xλ
HQ1S(x) +
∂xQ
∂xµ
∂xR
∂xν
∂(δx1)
∂xλ
HQR1(x)
=
[
− ΛµH1νλ
]
+
[
− ΛνHµ1λ
]
+
[
− ΛλHµν1
]
(A.3)
and δHµνλ = δorbHµνλ + δspinHµνλ
In a same way
δspinHµν1 ≡
∂xQ
∂xµ
∂xR
∂xν
∂xS
∂x1
HQRS(x)−Hµν1
≈
[∂(δx1)
∂xµ
∂xR
∂xν
∂xS
∂x1
H1RS(x) +
∂(δxσ)
∂xµ
∂xR
∂xν
∂xS
∂x1
HσRS(x)
]
+
[∂xQ
∂xµ
(δx1)
∂xν
∂xS
∂x1
HQ1S(x)
∂xQ
∂xµ
(δxσ)
∂xν
∂xS
∂x1
HQσS(x)
]
+
[∂xQ
∂xµ
∂xR
∂xν
∂(δx1)
∂x1
HQR1(x) +
∂xQ
∂xµ
∂xR
∂xν
∂(δxλ)
∂x1
HQRλ(x)
]
=
∂(δx1)
∂xµ
∂xR
∂xν
∂xS
∂x1
H1RS(x) +
∂xQ
∂xµ
(δx1)
∂xν
∂xS
∂x1
HQ1S(x) +
∂xQ
∂xµ
∂xR
∂xν
∂(δxλ)
∂x1
HQRλ(x)
= 0 + 0 + ΛλHµνλ (A.4)
and δHµν1 = δorbHµν1 + δspinHµν1 = (Λ · L)Hµν1 + Λ
λHµνλ.
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